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Abstrat
The degree of synhronization and the amount of dynamial luster formation in
eletroenephalographi (EEG) signals are haraterized by employing two order
parameters introdued in the ontext of oupled haoti systems subjet to exter-
nal noise. These parameters are alulated in EEG signals from a group of healthy
subjets and a group of epilepti patients, inluding a patient experiening an epilep-
ti risis. The evolution of these parameters shows the ourrene of intermittent
synhronization and lustering in the brain ativity during an epilepti risis. Sig-
niantly, the existene of an instantaneous maximum of synhronization previous
to the onset of a risis is revealed by this proedure. The mean values of the or-
der parameters and their standard deviations are ompared between both groups of
individuals.
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1 Introdution
In reent years there has been substantial interest in the desription of neural
proesses and eletroenephalographi (EEG) signals in the ontext of nonlin-
ear dynamis and deterministi haos [1,2,3℄. Nonlinear dynamis opens new
windows for the understanding of EEG signals sine the neural ativity in-
volves nonlinear mehanisms at the mirosopi level. The omplexity of the
behavior of neural systems reets the eets of those underlying nonlinear
mehanisms. In partiular, the ourrene of synhronization in EEG signals
assoiated to various brain disorders, suh as epilepsy and migraine, has been
the fous of muh attention [4,5℄. Synhronization phenomena are expeted to
play a major role in establishing the ommuniation between dierent regions
of the brain [6,7℄.
The phenomenon of haoti synhronization takes plae when the phase spae
trajetories of two or more oupled haoti systems, initially evolving on dif-
ferent attrators, eventually onverge to a ommon trajetory [8,9℄. A related
phenomenon is dynamial lustering; it onsists of the formation of dierenti-
ated subsets of synhronized elements in a oupled system [10℄. Experimental
observation of dynamial lustering in oupled eletrohemial systems has
been reported [11℄.
This artile presents a proedure that allows to haraterize the amount of
synhronization and lustering ourring on oupled haoti osillators sub-
jet to ommon noise and applies these onepts to EEG signals from healthy
subjets and epilepti patients. In Setion 2, a theoretial model onsisting of
a set of globally oupled haoti Rössler osillators and subjet to an external
noise is introdued. Synhronization and the formation of lusters, i.e., syn-
hronized domains, under the eet of noise are studied in this model. Two
order parameters are introdued in order to haraterize the synhronization
and the formation of lusters, i.e., synhronized domains, under the eet of
noise in this system. We alulate these order parameters for dierent values
of the oupling strength between the osillators. The data base of EEG signals
used in this study is desribed in Setion 3; it onsists of a group of ten healthy
subjets and a group of ten epilepti patients, inluding one EEG signal of a
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patient experiening an epilepti risis. In Setion 4, we perform the analysis
of synhronization and luster formation in the EEG signals from the data
base. The analysis yields quantitative indies that haraterize the hanges of
omplexity in the brain ativity of healthy and epilepti subjets. Conlusions
are presented in Setion 5.
2 Globally oupled Rössler osillators subjet to external noise
The Rössler equations onstitute a paradigmati dynamial model that ex-
hibits haos. For some parameter values, these equations give rise to a haoti
attrator possessing fratal properties. In order to introdue the onepts used
in the haraterization of EGG signals, we onsider a theoretial model onsist-
ing of system of globally oupled Rössler osillators and subjet to an external
noise desribed by the following equations [12℄:
x˙i = −yi − zi + ε(x¯− xi) + ξi(t)
y˙i = xi − ayi + ε(y¯ − yi)
z˙i = b− czi + xizi + ε(z¯ − zi) ,
(1)
where xi, yi and zi are the state variables of osillator i; with i = 1, . . . , N ; N
is the number of osillators; ε represents the strength of the oupling amount
the osillators; ξi(t) is the soure of noise ating on osillator i, with mean
value 〈ξi(t)〉 = 0 and orrelation 〈ξi(t)ξi(t
′)〉 = 2Sδ(t − t′)δij ; and S is the
amplitude of the noise. The mean value of the variables xi is given by
x¯(t) =
1
N
N∑
i=1
xi(t), (2)
with similar expressions for y¯ and z¯. The addition of noise in Eq. (1) is relevant
beause we wish to establish a valid omparison between the behavior of this
dynamial model and that of physiologial systems whih usually present noise
and utuations, as in the ase of EEG signals. The values of the parameters
a, b and c employed here are a = b = 0.2, and c = 4.5 for whih the individual
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Rössler osillators are haoti.
A luster is dened as a subset of the population of osillators whih are
synhronized among themselves. However, the presene of noise in a system
of interating elements usually prevents perfet synhronization. In pratie,
we onsider that a pair of elements i and j belong to a luster if the distane
dij in phase spae between them, dened as
dij =
√
(xi − xj)2 + (yi − yj)2 + (zi − zj)2 , (3)
is less than a threshold value γ, i.e., dij < γ. The hoie of γ should be
appropriate for ahieving dierentiation between losely evolving lusters.
To haraterize the amount of synhronization and the formation of lusters
in a system of oupled haoti elements suh as Eq.(1), two dierent order
parameters an be introdued [13,14℄. The rst one, r(t), is dened as the
fration of pairs of elements (i, j) whih are separated by a distane dij < γ
at time t,
r(t) =
1
N(N − 1)
N∑
i=1
N∑
j=1
Θ[γ − dij(t)] , (4)
where Θ(x) is the step funtion suh that Θ(x) = 0 for x < 0 , and Θ(x) = 1
for x ≥ 0. The seond order parameter, s(t), is the fration of elements i whih
at time t have at least one other element j loated at a distane dij < γ,
s(t) = 1−
1
N
N∑
i=1
N∏
j=1,j 6=i
Θ[dij − γ] . (5)
The last term in Eq.(5) is the fration of elements whose distane to any
other element is greater than γ. Total synhronization orresponds to r(t) =
s(t) = 1. On the other hand, if all the population of osillators is distributed in
lusters, we have s(t) = 1 while r(t) < 1, sine the lusters may be separated
[12℄. If some elements are in lusters but others remain loose, then r(t) <
s(t) < 1.
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Fig. 1. Order parameters r(t) and s(t) as funtion of oupling ε, at time t = 5000;
with N = 1000.
System (1) with N = 1000 and noise of amplitude S = 10−2 was integrated
by using a fourth-order Runge-Kutta method with time inrements ∆t =
10−2, starting from random initial onditions. Noise was introdued through
a reliable random number generator.
Figure 1 shows the order parameters r(t) and s(t) as funtions of ε at time
t = 5000. The threshold for luster dierentiation was set at γ = 10−3, a value
for whih both r(t) and s(t) reah statistially stationary values. For small
values of ε, both r(t) and s(t) are less than 1, indiating that not all osillators
are forming lusters. In the interval ε ∈ (0.007, 0.090), s(t) inreases more
rapidly than r(t); this indiates that the osillators tend to synhronize and
to form lusters. For ε = 0.091, it is found r(t) = s(t) = 1, and therefore the
elements are totally synhronized and forming a single luster. For ε > 0.133
both order parameters denitively reah their maximum values r(t) = s(t) = 1
and the system is totally synhronized.
3 Data base of EEG signals
The EEG data base used in this study onsist of reords from 10 healthy
subjets and 10 epilepti patients. One of the epilepti reords belongs to an
individual who experiened a spontaneous onvulsive risis during the EEG
reording. The reord of the EEG signal from eah individual was done over 18
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Fig. 2. (a) Channel C4 of the EEG signal from healthy subjet. (b) Channel C4 of
the EEG signal from an epilepti patient without risis. () Channel C4 of the EEG
signal from an epilepti patient experiening a risis. The at extremes orrespond
to saturation of the eletroenephalograph.
hannels onneted to salp eletrodes aording to the international system
10 − 20. The potentials were measured with respet to a referene level on-
sisting of both ears short-iruited. The signal was digitalized at a sampling
frequeny of 256 Hz and A/D onversion of 12 bits, and ltered to bandwidth
between 0.5 and 30 Hz.
Figure 2 shows the reords from the hannel C4 of the EEG signals orrespond-
ing to a healthy subjet, an epilepti patient without risis, and an epilepti
patient just before and during a risis, respetively.
4 Results
In order to haraterize the synhronization and luster formation in the EEG
signals for eah individual, we have employed the order parameters r(t) and
s(t) introdued in Se. 2. At time t (ms), the values of r(t) and s(t) were
alulated for eah EEG signal omprised of 18 hannels. The value of γ used
orresponded to 40% of the standard deviation of eah EEG signal. This value
of γ is enough to disriminate dierent lusters in the EEG signals.
Figure 3 shows the order parameters r(t) and s(t) for a healthy individual. The
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Fig. 3. Order parameters r(t) and s(t) for the EEG signal from a healthy subjet.
parameter r(t) exhibits relatively small values indiating desynhronization
among the dierent hannels. The parameters(t) reahes higher values that
suggest the presene of some lusters. The maximum value reahed by s(t) is
0.78. The analysis of the EEG signals from the others healthy subjets shows
similar results to those shown in Figure 3.
Figure 4 shows the order parameters r(t) and s(t) for a epilepti patient ex-
periening a spontaneous epilepti risis. The orresponding EEG signal is
shown in Figure 2(). The intervals where the amplier was saturated were
exluded for the alulation of r(t) and s(t). Note that the parameter r(t)
reahes a maximum value r(t) = 0.51 just two seonds before the beginning
of the epilepti risis, while at the onset of the risis this parameter has a
value of r(t) = 0.39. Several maxima of r(t) are observed during the risis.
These maximum values of r(t) are greater than those reahed in EEG signals
from healthy subjets. Similarly, the parameter s(t) in Figure 4 also exhibits
a maximum value of 0.96 at two seonds before the onset of the risis. In ad-
dition to this preursory maximum, the parameter s(t) shows several maxima
during the epilepti risis. Most of these maxima orrespond exatly to the
maxima of the parameter r(t). This an be interpreted as the ourrene of
intermittent synhronization in the brain ativity during an epilepti risis.
Figure 4 reveals the ourrene of a synhronization maximum at two seonds
prior to the beginning of the epilepti risis. However, this is not evident from
the observation of the EEG signal from the patient, shown in Figure 2.. This
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Fig. 4. Order parameters r(t) ands(t) for the EEG signal from the epilepti patient
experiening a risis. The dotted vertial line indiates the onset of the risis.
feature shows the potential that the use of nonlinear dynamis tehniques has
in the analysis of physiologial signals and how these tehniques an ontribute
to the predition and diagnostis of some pathologies.
The parameters r(t) and s(t) alulated from the EEG signals from healthy
subjets and epilepti patients not experiening risis show a similar behavior.
This might be due to the fat that these patients were being treated with drugs.
Table 1
Mean values and standard deviations of parameters r(t) ands(t).
Healthy Subjets Epilepti patients Epilepti patient
without risis with risis
r 0.075 0.076 0.110
∆r 4.12×10−4 2.62×10−4 4.06×10−3
s 0.607 0.604 0.646
∆s 4.28×10−3 3.98×10−3 6.14×10−3
Table 1 displays the mean values r, s, and standard deviations ∆r and ∆s of
the parameters r(t) and s(t) over time and over the population of healthy sub-
jets, epilepti patients without risis at the time of reording and the epilepti
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patient experiening a risis. In Table 1, note that the mean value r learly
dierentiate an epilepti patient with risis from the other groups. The value
of r does not unambiguously distinguish between epilepti patients without
risis and healthy subjets; however the value of the standard deviation ∆r in
the former group is about twie the value orresponding to healthy subjets.
5 Conlusions
Globally oupled systems, suh as Eqs. (1), onstitute theoretial models on-
taining the essential ingredients that allow the emergene of synhronization
and the formation of lusters in dynamial systems onsisting of many inter-
ative elements. The entral hypothesis of this artile is that the brain an
also be desribed as a dynamial system formed by mutually oupled nonlin-
ear elements (neurons), and therefore the olletive propierties of the brain
are suseptible to be analyzed through nonlinear dynamis tehniques. With
this aim, we have quantied the amount of synhronization and lustering in
EEG signals by using order parameters previously introdued in the ontext
of oupled haoti osillators.
In the ase of the epilepti patient experiening a risis, the order parameters
r(t) and s(t) show a series of instantaneous maxima in time whih are absent
in the evolution of those parameters in both healthy subjets and epilepti
patients without risis. The maxima of r(t) indiate instantaneous inreases
in synhronization. During an epilepti risis the mean value r is greater than
those values orresponding to healthy subjets and to epilepti patients with-
out risis. The standard deviation ∆r is an order of magnitude less in the
epilepti patient in risis with respet to healthy subjets and to epilepti
patients without risis. These results suggest that the epilepti risis an be
interpreted as a olletive dynamial state haraterized by the presene of a
high degree of synhronization between dierent zones of the brain.
A relevant nding of the present work is the presene of preursory maxima
in both parameters r(t) and s(t) just before the onset of the epilepti risis
shown in Figure 4, while the orresponding EEG signal does not show appar-
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ent hanges at that moment. Our results suggest that the use of nonlinear
dynamis tehniques as tools to haraterize EEG signals an ontribute to a
better understanding and diagnosti of some brain pathologies and, as we have
shown, they may help in the predition of epilepti events. Nonlinear dynam-
is tehniques an also ontribute to haraterize other types of physiologial
signals.
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